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Abstract
We deﬁne the number ﬁeld analog of the zeta function of d-complex variables studied
by Zagier in (First European Congress of Mathematics, vol. II (Paris, 1992), Progress in
Mathematics, vol. 120, Birkhauser, Basel, 1994, pp. 497–512). We prove that in certain cases
this function has a meromorphic continuation to Cd , and we identify the linear subvarieties
comprising its singularities. We use our approach to meromorphic continuation to prove that
there exist inﬁnitely many values of these functions at regular points in their extended domains
which can be expressed as a rational linear combination of values of the Dedekind zeta function.
© 2005 Published by Elsevier Inc.
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1. Introduction and statement of the main results
Let F be a number ﬁeld, OF be its ring of integers, and for an integral ideal I in F ,
let NF/Q(I ) = |OF : I | be its norm. Fix a positive integer d, and let F1, F2, . . . , Fd
be number ﬁelds. We formally deﬁne the multiple Dedekind zeta function of depth d
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to be the function of the d-complex variables s = (s1, s2, . . . , sd) ∈ Cd given by
d({Fi}di=1; s) =
∑
I1⊂OF1 ,I2⊂OF2 ,...,Id⊂OFd
0<NI1<NI2<···<NId
d∏
i=1
NI
−si
i . (1.1)
In the case Fi = Q for i = 1, 2, . . . , d, the multiple zeta function d({Q}d; s) was
deﬁned and studied by Zagier in [18]. The multiple zeta function has since appeared
in the study of numerous topics, including arithmetic and hyperbolic geometry, and
quantum physics (see for example [4,5,9,10]).
The following proposition gives a region of absolute convergence and analyticity for
(1.1).
Proposition 1.1. There exist numbers i > 0, i = 1, 2, . . . , d, such that (1.1) is abso-
lutely convergent and analytic in the region
Re(si + · · · + sd) > d − i + 1 + i + · · · + d , i = 1, 2, . . . , d.
Proof. For each positive integer n, deﬁne the integers
an,i =
∣∣{(0) = Ii ⊂ OFi : NIi = n}∣∣ , i = 1, 2, . . . , d.
It follows that (1.1) can be expressed in the form
d({Fi}di=1; s) =
∑
0<n1<n2<...<nd
d∏
i=1
ani ,in
−si
i . (1.2)
The numbers {an,i} are known to satisfy the polynomial growth condition
∣∣an,i∣∣ Cini
for some numbers Ci, i > 0 (see [11]). Further, Matsumoto in [13] showed that the
multiple zeta function d({Q}d; s) is absolutely convergent and analytic in the region
Re(si + · · · + sd) > d − i + 1, i = 1, 2, . . . , d. (1.3)
The proposition now follows from these two facts. 
In this paper, we use classical analytic techniques to establish the meromorphic con-
tinuation of (1.1) to Cd in the special cases d(F, {Q}d−1; s) and d({Q}d−1, F ; s),
and to identify the linear subvarieties comprising their singularities. We use our ap-
proach to meromorphic continuation to prove that there exist inﬁnitely many values of
these functions at regular points in their extended domains which can be expressed as
a rational linear combination of values of the Dedekind zeta function of F . We will
refer to values of (1.1) at regular points in its extended domain as extended multiple
Dedekind zeta values.
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These results actually hold for a more general class of multiple L-functions. Let
{an} be a sequence of complex numbers satisfying the polynomial growth condition
|an| Cn for some numbers C,  > 0, and deﬁne the Dirichlet series
L(s) =
∞∑
n=1
ann
−s , Re(s) > 1 + .
We assume throughout this paper that L(s) has a meromorphic continuation to C with
a possible simple pole at s = 1. In particular, this condition is satisﬁed by the Dedekind
zeta function of a number ﬁeld, which has a meromorphic continuation to C with a
simple pole at s = 1. The functions we will consider are
Ld(L, {Q}d−1; s) =
∑
0<n1<n2<···<nd
d∏
i=1
an1n
−si
i (1.4)
and
Ld({Q}d−1, L; s) =
∑
0<n1<n2<···<nd
d∏
i=1
and n
−si
i . (1.5)
Regions of absolute convergence and analyticity for (1.4) and (1.5) can be determined
using an approach similar to that for (1.1). Our main results can now be stated as
follows:
Theorem 1.2. The multiple L-functions (1.4) and (1.5) have meromorphic continuations
to Cd with possible singularities on the linear subvarieties
d =
{
(s1, s2, . . . , sd) ∈ Cd : sd = 1, sd−1 + sd = 2, 1, 2 − 2r ∀ r ∈ Z1,
and
∑i
m=1 sd−m+1 ∈ Z i ∀ i = 3, 4, . . . , d
}
and
d =
{
(s1, s2, . . . , sd) ∈ Cd : sd = 1, s1 + s2 = 2, 1, 2 − 2r ∀ r ∈ Z1,
and
∑i
m=1 sd−m+1 ∈ Z i ∀ i = 3, 4, . . . , d
}
,
respectively.
Theorem 1.3. (A) For each integer q ∈ Z0, there exist inﬁnite collections of integers
si , i = 2, . . . , d − 1, and an inﬁnite collection of complex numbers s1 such that
Ld(L, {Q}d−1; s1, s2, . . . , sd−1,−q) =
∑
k
kL(s1 − k),
where k ∈ Q and ∑k is a sum over a ﬁnite collection of integers.
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(B) For each integer q ∈ Z0, there exist inﬁnite collections of integers si , i =
2, . . . , d − 1, and an inﬁnite collection of complex numbers sd such that
Ld({Q}d−1, L;−q, s2, . . . , sd−1, sd) =
∑
k
k(−k)L(sd) +
∑
l
lL(sd − l),
where k, l ∈ Q and
∑
k,
∑
l are sums over ﬁnite collections of integers.
This paper grew out of our search for Q-linear relations between values of the mul-
tiple zeta function d({Q}d; s) at regular points in its extended domain. Such Q-linear
relations between values of the multiple zeta function at integer points in its domain
of absolute convergence, the so-called multiple zeta values, are well-documented. Per-
haps the central question concerning these relations is Zagier’s dimension conjecture
(see [18]). Given an integer point (a1, a2, . . . , ad) ∈ Zd>0, deﬁne its weight by w =
a1 + a2 + · · · + ad . Let Zw denote the Q-algebra generated by all multiple zeta values
of weight w. The dimension conjecture predicts that dimQ Zw = dw, where d0 = 1,
d1 = 0, d2 = 1, and dw = dw−2 + dw−3 for w3. For w2, this formula implies that
dw is less than or equal to 2w−2, the number of multiple zeta values of weight w, and
thus that there are many Q-linear relations between multiple zeta values of the same
weight.
Kontsevich showed that the multiple zeta values can be expressed as an iterated
integral, and Goncharov used this to interpret the multiple zeta values as periods of
framed mixed Tate motives over Z. Using this interpretation, Goncharov in [5] proved
the inequality dimQ Zwdw. This inequality was also proved by Terasoma in [14].
The meromorphic continuation of the multiple zeta function to Cd was ﬁrst estab-
lished by Goncharov in [5] and Zhao in [19]. Akiyama et al. in [1] gave a different
proof of meromorphic continuation, and studied the behavior of the multiple zeta func-
tion at points in its extended domain by recursively determining the iterated limits
lim
s1→−q1
lim
s2→−q2
· · · lim
sd→−qd
d({Q}d; s1, s2, . . . , sd)
and
lim
sd→−qd
lim
sd−1→−qd−1
· · · lim
s1→−q1
d({Q}d; s1, s2, . . . , sd), qi ∈ Z0.
When d3, the non-positive integers are points of indeterminacy of the multiple zeta
function (see [6, pp. 162–167]). Thus, each of the above limits represents only one
possible value of the multiple zeta function in a neighborhood of (−q1,−q2, . . . ,−qd).
In general, given d sequences of complex numbers {{an,i}∞n=1}di=1 satisfying a poly-
nomial growth condition, it is difﬁcult to establish the meromorphic continuation of
the multiple Dirichlet series of the form RHS of (1.2). J. Kelliher and the author in
[7] have established a sufﬁcient condition for the meromorphic continuation of RHS of
(1.2) by combining Gelfand’s theory of analytic continuation of tempered distributions
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with techniques from harmonic analysis. Verifying this condition usually requires the
coefﬁcients to satisfy some type of recurrence relation or special asymptotic behavior.
Unfortunately, the techniques developed in [7] are not applicable to (1.1).
We should remark that multiple Dirichlet L-functions of form (1.4) and (1.5) were
studied by Terhune [15,16] in his work on evaluations of double and triple L-values,
and by Goncharov [5] in his work on Zagier’s dimension conjecture. The meromorphic
continuation of some related multiple L-functions was studied in [2,7,12,13]. Zhao [20]
deﬁned a function similar to (1.1), and conjectured that the values of this function at
integer points in its region of absolute convergence can be expressed as products of
algebraic numbers and a determinant of multiple polylogarithms evaluated at Fi-rational
points. Similar conjectures were considered by Wojtkowiak in [17].
The main tool in the proof of Theorem 1.3 is the reduction formula (2.2) given in
Section 2. Our approach is to combine the reduction formula with the vanishing of
certain binomial coefﬁcients to reduce the extended multiple L-values one dimension at
a time. The extended multiple L-values which cannot be evaluated using this technique
are those for which the binomial coefﬁcients fail to vanish. This can be illustrated
for the function 2({Q}2; s1, s2) by considering the point (s1, s2) = (−3, 2), which is
outside of both its domain of absolute convergence and 2.
We close this section by giving examples of Theorem 1.3 for d({Q}d; s) in the cases
d = 2 and 3. The case d = 2 generalizes the evaluation formula for 2({Q}2; 1,−2r),
r1, given in [12]. Deﬁne the numbers
(q, r) =
(−q + 2r − 2
2r − 1
)
, q ∈ Z0, r ∈ Z1,
and let Br be the rth Bernoulli number.
Example 1.4. Let q0 be an integer and choose an integer k1 such that 2kq.
Assume that s = q + 2, q + 1, q + 2 − 2r ∀ r = 1, 2, . . . , k. Then
2
(
{Q}2; s,−q
)
= − (s − q − 1)
q + 1 −
 (s − q)
2
+
k∑
r=1
(q, r)
B2r
2r
 (s − q + 2r − 1) .
Example 1.5. Let q110 be an integer and choose an integer k111 such that 2k11q11 .
Deﬁne numbers q21 := −s2 + q11 + 1, q22 := −s2 + q11 , q23 := −s2 + q11 − 2r11 + 1,
which we require to be integers  0, and choose integers k21, k22, k231 such that
2k21q11 , 2k22q22 , 2k23q23 . Assume that s2 = q11 + 2, q11 + 1, q11 + 2 − 2r11 ∀ r11 =
1, 2, . . . , k11, s1 + s2 is not in q11 +Z3, and s1 = q2j +2, q2j +1, q2j +2−2r2j ∀ r2j =
1, 2, . . . , k2j , j = 1, 2, 3. Then
3
(
{Q}3; s1, s2,−q11
)
= − 1
q11 + 1
300 R. Masri / Journal of Number Theory 115 (2005) 295–309
×
⎡
⎢⎣− 
(
s1 − q21 − 1
)
q21 + 1
− 
(
s1 − q21
)
2
+
k21∑
r21=1

(
q21 , r
2
1
) B2r21
2r21

(
s1 − q21 + 2r21 − 1
)⎤⎥⎦
−1
2
⎡
⎢⎣− 
(
s1 − q22 − 1
)
q22 + 1
− 
(
s1 − q22
)
2
+
k22∑
r22=1

(
q22 , r
2
2
) B2r22
2r22

(
s1 − q22 + 2r22 − 1
)⎤⎥⎦
+
k11∑
r11=1

(
q11 , r
1
1
) B2r11
2r11
×
⎡
⎢⎣− 
(
s1 − q23 − 1
)
q23 + 1
− 
(
s1 − q23
)
2
+
k23∑
r23=1

(
q23 , r
2
3
) B2r23
2r23

(
s1 − q23 + 2r23 − 1
)⎤⎥⎦ .
2. Proof of Theorem 1.2
Meromorphic continuation of (1.4). Using the Euler–Maclaurin summation formula
as in [8, p. 531], we can establish the following identity, which is valid for all integers
n, k1,
∞∑
j=n
j−s = n
−(s−1)
s − 1 +
n−s
2
+
k∑
r=1
(
s + 2r − 2
2r − 1
)
B2r
2rns+2r−1
−(2k + 1)!
(
s + 2k
2k + 1
)∫ ∞
n
P2k+1(x)
xs+2k+1
dx. (2.1)
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By an application of (2.1), we obtain the recursive equation
Ld(L, {Q}d−1; s1, s2, . . . , sd)
=
∑
0<n1<n2<···nd
d∏
i=1
an1n
−si
i
=
∞∑
n1=1
an1n
−s1
1
∞∑
n2=n1+1
n
−s2
2 · · ·
∞∑
nd−1=nd−2+1
n
−sd−1
d−1
∞∑
nd=nd−1+1
n
−sd
d
= Ld−1(L, {Q}
d−2; s1, s2, . . . , sd−1 + sd − 1)
sd − 1
−Ld−1(L, {Q}
d−2; s1, s2, . . . , sd−1 + sd)
2
+
k∑
r=1
(
sd + 2r − 2
2r − 1
)
B2r
2r
Ld−1(L, {Q}d−2; s1, s2, . . . , sd−1 + sd + 2r − 1)
−(2k + 1)!
(
sd + 2k
2k + 1
)
R1(s1, s2, . . . , sd), (2.2)
where the remainder term is given by the series
R1(s1, s2, . . . , sd)
=
∞∑
n1=1
an1n
−s1
1
∞∑
n2=n1+1
n
−s2
2 · · ·
∞∑
nd−1=nd−2+1
[∫ ∞
nd−1
P2k+1(x)
xsd+2k+1
dx
]
n
−sd−1
d−1 .
We have assumed that an1 = O(n11 ), and by periodicity the function P2k+1(x) is
bounded on R. Using a straightforward estimate and applying the region of abso-
lute convergence (1.3) for the multiple zeta function, we ﬁnd that there exist numbers
c(d, l, 1)0 depending on d, l, and 1 such that R1(s1, s2, . . . , sd) is
absolutely convergent for
Re(sl + · · · + sd) > −2k + c(d, l, 1), l = 1, 2, . . . , d.
As this holds for each integer k1, we conclude from (2.2) that the series (1.4) has
a meromorphic continuation to Cd .
If d = 2 in (2.2) it is clear that L2(L,Q; s1, s2) has possible singularities on s2 = 1
and s1 + s2 = 2, 1, 2 − 2r for r = 1, 2, . . .. Thus we determine recursively that (1.4)
has possible singularities on sd = 1, sd−1 + sd = 2, 1, 2 − 2r for r = 1, 2, . . ., and∑j
i=1 sd−i+1 ∈ Z j for j = 3, 4, . . . , d.
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Meromorphic continuation of (1.5). We ﬁrst show that L2(Q, L; 1, s2) has a mero-
morphic continuation to the s2-plane. Let h(n) = ∑nj=1 j−1 be the nth harmonic
number and  be Euler’s constant. Using another application of the Euler–Maclaurin
summation formula, we can establish the following formula, which is valid for all
integers n, k1,
h(n) = log(n) +  + 1
2n
−
k∑
r=1
B2r
2rn2r
+ (2k + 1)!
∫ ∞
n
P2k+1(x)
x2k+2
dx. (2.3)
By an application of (2.3), we obtain
L2(Q, L; 1, s2) =
∞∑
n2=1
an2n
−s2
2
n2−1∑
n1=1
n−11
=
∞∑
n2=1
an2n
−s2
2
⎛
⎝ n2∑
n1=1
n−11 − n−12
⎞
⎠
= L(s2) − L′(s2) − L(s2 + 1)2 −
k∑
r=1
B2r
2r
L(s2 + 2r)
+(2k + 1)!R2(s2), (2.4)
where the remainder term is given by the series
R2(s2) =
∞∑
n2=1
an2
[∫ ∞
n2
P2k+1(x)
x2k+2
dx
]
n
−s2
2 .
Since an2 = O(n22 ) and P2k+1(x) is bounded on R, a straightforward estimate
shows that R2(s2) is absolutely convergent for Re(s2) > −2k + 2. As this holds for
each integer k1, we conclude from (2.4) that L2(Q, L; 1, s2) has a meromorphic
continuation to the s2-plane.
Now, by an application of (2.1), we obtain the recursive equation
Ld({Q}d−1, L; s1, . . . , sd−1, sd) =
∑
0<n1<n2<···<nd
d∏
i=1
and n
−si
i
=
∞∑
nd=1
and n
−sd
d
nd−1∑
nd−1=1
n
−sd−1
d−1 · · ·
n2−1∑
n1=1
n
−s1
1
= (s1)Ld−1({Q}d−2, L; s2, . . . , sd−1, sd)
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−Ld−1({Q}
d−2, L; s1 + s2 − 1, . . . , sd−1, sd)
s1 − 1
−Ld−1({Q}
d−2, L; s1 + s2, . . . , sd−1, sd)
2
−
k∑
r=1
(
s1 + 2r − 2
2r − 1
)
B2r
2r
Ld−1({Q}d−2, L; s1 + s2 + 2r − 1, . . . , sd−1, sd)
+(2k + 1)!
(
s1 + 2k
2k + 1
)
R3(s1, s2, . . . , sd), (2.5)
where the remainder term is given by the series
R3(s1, s2, . . . , sd) =
∞∑
nd=1
and n
−sd
d
nd−1∑
nd−1=1
n
−sd−1
d−1 · · ·
n3−1∑
n2=1
[∫ ∞
n2
P2k+1(x)
xs1+2k+1
dx
]
n
−s2
2 .
Let d = 2 in (2.5) and ﬁx s1 with Re(s1) > 1. Since an2 = O(n22 ) and P2k+1(x) is
bounded on R, a straightforward estimate shows that R3(s1, s2) is absolutely convergent
for Re(s2) > 1 − Re(s1) + 2k + 2. As this holds for each integer k1, we conclude
from (2.5) that for Re(s1) > 1, L2(Q, L; s1, s2) has a meromorphic continuation to the
s2-plane.
Next, ﬁx s2 = 1 in (2.5). An argument similar to the one in the previous paragraph
shows that L2(Q, L; s1, s2) has a meromorphic continuation to the s1-plane. Combining
this fact with the result of the previous paragraph, we conclude that for ﬁxed s1 = 1,
L2(Q, L; s1, s2) has a meromorphic continuation to the s2-plane.
We want to remove the restriction s1 = 1 and conclude that for all ﬁxed s1,
L2(Q, L; s1, s2) has a meromorphic continuation to the s2-plane. This can be done
by using (2.4) instead of (2.5) when s1 = 1. To justify this, it sufﬁces to show
lim
s1→1
L2(Q, L; s1, s2) = L2(Q, L; 1, s2). (2.6)
Upon comparing (2.4) and (2.5), we see that (2.6) is equivalent to
lim
s1→1
[
(s1)L(s2) − L(s1 + s2 − 1)
s1 − 1
]
= L(s2) − L′(s2). (2.7)
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For ﬁxed s2 with Re(s2) > 1 + 2, we have that L(s1 + s2 − 1) is analytic at s1 = 1.
Expanding L(s1 + s2 − 1) in a power series about s1 = 1 yields
L(s1 + s2 − 1) = L(s2) + L′(s2)(s1 − 1) + L′′(s2)(s1 − 1)2 + · · · . (2.8)
We also have that the Laurent expansion of (s1) at s1 = 1 is
(s1) = 1
s1 − 1 +  + a1(s1 − 1) + a2(s1 − 1)
2 + · · · . (2.9)
We can now establish (2.7) by substituting (2.8) and (2.9) into the LHS of (2.7) and
taking the limit as s1 → 1.
Since and = O(ndd ) for some d > 0, we can now use an argument similar to the one
in the paragraph following (2.2) to conclude that (1.5) has a meromorphic continuation
to Cd .
Finally, if d = 2 in (2.5) it is clear that L2(Q, L; s1, s2) has possible singularities
on s2 = 1 and s1 + s2 = 2, 1, 2 − 2r for r = 1, 2, . . .. Thus we determine recursively
that (1.5) has possible singularities on sd = 1, s1 + s2 = 2, 1, 2 − 2r for r = 1, 2, . . .,
and
∑j
i=1 sd−i+1 ∈ Z j for j = 3, 4, . . . , d. 
We can use (2.2), (2.4), and (2.5) to determine the possible residues at the possible
singularities of (1.4) and (1.5) for d = 2. Fix s2 = 1 and view L2(L,Q; s1, s2) as a
function of s1. From (2.2) we determine that this function has possible simple poles at
s1 = 1 − s2, s1 = 2 − s2, and s1 = 2 − 2r − s2 for r = 1, 2, . . ., with corresponding
possible residues −1/2, 1/(s2 − 1), and
(
s2+2r−2
2r−1
)
B2r/2r for r = 1, 2, . . ..
Next, ﬁx s1 and view L2(Q, L; s1, s2) as a function of s2. If s1 = 1 we determine
from (2.4) that L2(Q, L; 1, s2) has possible simple poles at s2 = 1, s2 = 0, and
s2 = 1 − 2r for r = 1, 2, . . ., with corresponding possible residues , −1/2, and
−B2r/2r for r = 1, 2, . . .. If s1 = 1 we determine from (2.5) that L2(Q, L; s1, s2)
has possible simple poles at s2 = 1, s2 = 1 − s1, s2 = 2 − s1, and s2 = 2 − 2r − s1
for r = 1, 2, . . . , with corresponding possible residues (s1), −1/2, −1/(s1 − 1), and
−
(
s1+2r−2
2r−1
)
B2r/2r for r = 1, 2, . . ..
3. Proof of Theorem 1.3
The idea of the proof is to use the vanishing of the binomial coefﬁcients
(
sd+2k
2k+1
)
to reduce (2.2) one dimension at a time. Speciﬁcally, in each dimension d, we use d
to choose points at which (2.2) converges, while requiring that the last entry in each
multiple L-function on the RHS of (2.2) be a small enough negative integer to force
the vanishing of the binomial coefﬁcients
(
sd+2k
2k+1
)
. We deﬁne these integers at each
step of the reduction, and after d − 1 applications of this procedure to the RHS of
(2.2), we will have obtained inﬁnite collections of integers s2, . . . , sd−1 and an inﬁnite
collection of complex numbers s1 for which (2.2) evaluates. We will demonstrate the
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ﬁrst step of the reduction (dimension d), and having established how the procedure
works, we will list the integers si and complex numbers s1 for which (2.2) evaluates.
We conclude by giving the general form of the evaluation formula for (2.2).
Proof.
(A). Fix an integer q110 and let sd = −q11 in (2.2). Choose an integer k111
in (2.2) such that 2k11q11 . We can avoid points on d by requiring that sd−1 =
q11 + 2, q11 + 1, q11 + 2 − 2r11 ∀ r11 = 1, 2, . . . k11, and
∑i
m=2 sd−m+1 is not in q11 + Z i
for i = 3, 4, . . . , d. Then using that ( s
n
) = 0 for s ∈ Z with 0s < n, we obtain the
reduction formula
Ld(L, {Q}d−1; s1, s2, . . . , sd−1,−q11 )
= −Ld−1(L, {Q}
d−2; s1, s2, . . . , sd−2, sd−1 − q11 − 1)
q11 + 1
−Ld−1(L, {Q}
d−2; s1, s2, . . . , sd−2, sd−1 − q11 )
2
+
k11∑
r11=1
(−q11 + 2r11 − 2
2r11 − 1
) B2r11
2r11
× Ld−1(L, {Q}d−2; s1, s2, . . . , sd−2, sd−1 − q11 + 2r11 − 1).
We can evaluate (2.2) by applying the above procedure at total of d − 1 times.
At each step of the reduction, the following numbers occur as the last entries in the
multiple L-functions on the RHS of (2.2). We require that each of these numbers be
an integer 0:
{
q11
}
,{
q21 := −sd−1 + q11 + 1, q22 := −sd−1 + q11 , q23 := −sd−1 + q11 − 2r11 + 1
}
,⎧⎪⎪⎪⎨
⎪⎪⎪⎩
q31 := −sd−2 + q21 + 1, q32 := −sd−2 + q21 , q33 := −sd−2 + q21 − 2r21 + 1,
q34 := −sd−2 + q22 + 1, q35 := −sd−2 + q22 , q36 := −sd−2 + q22 − 2r22 + 1,
q37 := −sd−2 + q23 + 1, q38 := −sd−2 + q23 , q39 := −sd−2 + q23 − 2r23 + 1
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
.
.
.⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
qd−11 := −s2 + qd−21 + 1, qd−12 := −s2 + qd−21 , qd−13 := −s2 + qd−21 − 2rd−21 + 1,
.
.
.
qd−13d−2−2 := −s2 + q
d−2
3d−3 + 1, q
d−1
3d−2−1 := −s2 + q
d−2
3d−3 , q
d−1
3d−2 := −s2 + q
d−2
3d−3 − 2r
d−2
3d−3 + 1.
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
For each integer qij , choose an integer k
i
j such that 2k
i
j qij . We use d to deter-
mine the following inﬁnite collections of integers s2, . . . , sd−1 and inﬁnite collection
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of complex numbers s1 for which (2.2) evaluates:
{
sd−1 = q11 + 2, q11 + 1, q11 + 2 − 2r11 ∀ r11 = 1, 2, . . . , k11 ,∑i
m=2 sd−m+1 is not in q11 + Z i for i = 3, 4, . . . , d.
}
{
sd−2 = q2j + 2, q2j + 1, q2j + 2 − 2r2j ∀ r2j = 1, 2, . . . , k2j , j = 1, 2, 3,∑i
m=2 sd−m is not in q2j + Z i for i = 3, 4, . . . , d − 1, j = 1, 2, 3.
}
.
.
.{
s2 = qd−2j + 2, qd−2j + 1, qd−2j + 2 − 2rd−2j ∀ rd−2j = 1, 2, . . . , kd−2j , j = 1, 2, . . . , 3d−3,
s1 + s2 is not in qd−2j + Z3 for j = 1, 2, . . . , 3d−3.
}
{
s1 = qd−1j + 2, qd−1j + 1, qd−1j + 2 − 2rd−1j ∀ rd−1j = 1, 2, . . . , kd−1j , j = 1, 2, . . . , 3d−2.
}
In order the give the general form of the evaluation formula for (2.2), deﬁne the sets
R(d) = {{rij }3
i−1
j=1}d−1i=1 and K(d) = {{kij }3
i−1
j=1}d−1i=1 . For any subset r = {rimjm}Nm=1 ⊂ R(d),
and corresponding subset k = {kimjm}Nm=1 ⊂ K(d), ﬁx the notation
k∑
r=1
=
N∏
m=1
k
im
jm∑
r
im
jm
=1
.
Then for the inﬁnite collections of integers s2, . . . sd−1 and inﬁnite collection of complex
numbers s1 given above, (2.2) reduces to an evaluation formula of the form
Ld(L, {Q}d−1; s1, s2, . . . , sd−1,−q11 ) =
3d−2∑
l=1
kl∑
rl=1
al(rl)Al (rl) ,
where the {rl}3d−2l=1 are (possibly empty) subsets of R(d) consisting of at most d − 2
terms, the rational numbers al(rl) are products of terms of the form
− 1
qij + 1
, −1
2
,
(
−qij + 2rij − 2
2rij − 1
)
B2rij
2rij
,
and
Al (rl) = −
L
(
s1 − qd−1l (rl) − 1
)
qd−1l (rl) + 1
−
L
(
s1 − qd−1l (rl)
)
2
+
kd−1l∑
rd−1l =1
(−qd−1l (rl) + 2rd−1l − 2
2rd−1l − 1
) B2rd−1l
2rd−1l
L
(
s1 − qd−1l (rl) − 2rd−1l − 1
)
.
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(B). Using (2.5), the evaluation formula (B) can be obtained in a similar manner. As
in the argument for (A), at each step of the reduction we deﬁne integers qij 0 which
occur as the last entries in the multiple L-function on the RHS of (2.5), and then
give inﬁnite collections of integers s2, . . . , sd−1 and an inﬁnite collection of complex
numbers sd for which (2.5) evaluates. The integers qij are deﬁned as follows:
{
q11
}
,
{
q21 := −s2, q22 := −s2 + q11 + 1, q23 := −s2 + q11 , q24 := −s2 + q11 − 2r11 + 1
}
,
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
q31 := −s3, q32 := −s3 + q21 + 1, q33 := −s3 + q21 , q34 := −s3 + q21 − 2r21 + 1,
q35 := −s3, q36 := −s3 + q22 + 1, q37 := −s3 + q22 , q28 := −s3 + q22 − 2r22 + 1,
q39 := −s3, q310 := −s3 + q23 + 1, q311 := −s3 + q23 , q312 := −s3 + q23 − 2r23 + 1,
q313 := −s3, q314 := −s3 + q24 + 1, q315 := −s3 + q24 , q316 := −s3 + q24 − 2r24 + 1,
⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
.
.
.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
qd−11 := −sd−1, qd−12 := −sd−1 + qd−21 + 1, qd−13 := −sd−1 + qd−21 ,
qd−14 := −sd−1 + qd−21 − 2rd−21 + 1,
.
.
.
qd−14d−2−3 := −sd−1, q
d−1
4d−2−2 := −sd−1 + q
d−2
4d−3 + 1, q
d−1
4d−2−1 := −sd−1 + q
d−2
4d−3 ,
qd−14d−2 := −sd−1 + q
d−2
4d−3 − 2r
d−2
4d−3 + 1.
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
The inﬁnite collections of integers si and complex numbers sd are deﬁned as follows:
{
sd = 1, s2 = q11 + 2, q11 + 1, q11 + 2 − 2r11 ∀ r11 = 1, 2, . . . , k11 ,∑i−1
m=1 sd−m+1 is not in q11 + Z i for i = 3, 4, . . . , d.
}
⎧⎨
⎩
sd−1 = 1, s3 = q2j + 2, q2j + 1, q2j + 2 − 2r2j ∀ r2j = 1, 2, . . . , k2j , j = 1, 2, 3, 4,∑i−1
m=1 sd−m is not in q2j + Z i for i = 3, 4, . . . , d − 1, j = 1, 2, 3, 4.
⎫⎬
⎭
.
.
.⎧⎨
⎩
s3 = 1, sd−1 = qd−2j + 2, qd−2j + 1, qd−2j + 2 − 2rd−2j , ∀rd−2j = 1, 2, . . . , kd−2j ,
sd−1 + sd is not in qd−2j + Z3 for j = 1, 2, . . . , 4d−3.
⎫⎬
⎭{
s2 = 1,
sd = qd−1j + 2, qd−1j + 1, qd−1j − 2rd−1j + 2 ∀ rd−1j = 1, 2, . . . , kd−1j , j = 1, 2, . . . , 4d−2.
}
Deﬁne the sets R˜(d) = {{rij }4
i−1
j=1}d−1i=1 and K˜(d) = {{kij }4
i−1
j=1}d−1i=1 . Then for the inﬁnite
collections of integers s2, . . . sd−1 and inﬁnite collection of complex numbers sd given
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above, (2.5) reduces to an evaluation formula of the form
Ld({Q}d−1, L;−q11 , s2, . . . , sd−1, sd) =
4d−2∑
l=1
kl∑
rl=1
cl(rl)Cl(rl),
where the {rl}4d−2l=1 are (possibly empty) subsets of R˜(d) consisting of at most d − 2
terms, the rational numbers cl(rl) are products of terms of the form
(−qij ), −
1
qij + 1
, −1
2
,
(
−qij + 2rij − 2
2rij − 1
)
B2rij
2rij
,
and
Cl (rl) = 
(
−qd−1l (rl)
)
L(sd) +
L
(
sd − qd−1l (rl) − 1
)
qd−1l (rl) + 1
−
L
(
sd − qd−1l (rl)
)
2
−
kd−1l∑
rd−1l =1
(−qd−1l (rl) + 2rd−1l − 2
2rd−1l − 1
) B2rd−1l
2rd−1l
L
(
sd − qd−1l (rl) − 2rd−1l − 1
)
.
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